Motivated by the recent results on the asymptotic behavior of Toeplitz determinants with FisherHartwig singularities, we develop an asymptotic expansion for transverse spin correlations in the XX spin-1/2 chain. The coefficients of the expansion can be calculated to any given order using the relation to discrete Painlevé equations. We present explicit results up to the eleventh order and compare them with a numerical example.
I. INTRODUCTION
The spin-1/2 XX chain described by the Hamiltonian (1) (where σ α i are Pauli matrices associated with the spin at the site i) is one of the simplest examples of exactly solvable spin systems: by a Jordan-Wigner transformation it can be mapped onto free fermions, which gives a complete solution for the ground state and for the excitations 1 (this model is also equivalent to the Tonks-Girardeau gas of hard-core bosons on a one-dimensional lattice 2 ). Computing correlation functions is, however, a more difficult task, since transverse spin operators (or, equivalently, the boson operators in the Tonks-Girardeau gas) are nonlocal in terms of fermions. In particular, already the leading-order asymptotic behavior of the ground-state transverse correlations
requires a nontrivial calculation 3 . One of the possible approaches to this correlation function is to re-express it as a Toeplitz determinant of a Fisher-Hartwig type by using the fermionic representation 1, 4, 5 . The asymptotic behavior of such determinants continues to be an object of active studies in mathematics and mathematical physics [6] [7] [8] [9] [10] [11] [12] [13] [14] . In particular, some corrections to the leading asymptotic behavior of the correlation function (2) have been computed [15] [16] [17] [18] [19] . In the present paper we extend this approach by demonstrating that all the corrections to Eq. (2) can be computed order by order using the recent results on a closely related Toeplitz determinant for statistics of free fermions 20, 21 . Furthermore, those corrections may be combined into a double sum explicitly periodic in the "counting parameter" (Eqs. (14)-(15) below): this double-sum form was dubbed Fisher-Hartwig expansion in Ref. 21 .
Note that while our calculation can be performed analytically to any order, it does not constitute a rigorous proof: in fact, the results of Refs. 20 and 21 on which it is based still have a status of conjecture. The available analytical and numerical evidence 11, [21] [22] [23] leaves no doubt in the validity of this conjecture (see a more detailed discussion of this in Section V), however we find it helpful to check our analytical results against numerical evaluations of the determinants. Such a check provides an additional support to the conjecture and verifies analytical manipulations performed with Mathematica software 24 (see Section IV for detail).
The paper is organized as follows. In Section II, we report our analytical results on the Fisher-Hartwig expansion of the relevant Toeplitz determinant. In Section III we apply these results to the case of transverse spin correlations in the XX chain. In Section IV, we compare the analytical results with a numerical example. Finally, in Section V we discuss the assumptions used in our calculation and the implications of our results. The Appendix contains expressions for some of the expansion coefficients.
II. MAIN RESULTS
The Hamiltonian (1) can be diagonalized via the Jordan-Wigner transformation
In terms of the fermionic operators Ψ † i and Ψ i , the Hamiltonian (1) represents free spinless fermions on a onedimensional lattice with J being the hopping amplitude and h corresponding to the chemical potential. ground state is a trivial fully polarized state corresponding to k F = 0 or k F = π). The parameter k F ranges between 0 and π and fully describes the ground state. The average density of fermions in the ground state is k F /π, which corresponds to σ z i = 2k F /π − 1. We will be interested in the transverse spin correlation function (2). For our purposes, it will be more convenient to introduce a more general correlation function involving a "counting parameter" κ:
where the average is taken over the ground state in an infinite system. Then, by the Jordan-Wigner transformation, the transverse spin correlation function is a particular case of this definition:
Note that Σ(κ, k F , L) is explicitly periodic in κ with period one, since the number of fermions 1≤j≤L
Using the Wick theorem, the correlation function (4) can be expressed as
where
and
The determinant in Eq. (6) is very similar to that studied in Ref. 21 for the correlation function
Namely, up to an overall sign, the Toeplitz matrices (6) and (9) differ only by a shift by one row (or, equivalently, by one column). The determinants of such Toeplitz matrices may therefore be related using the Desnanot-Jacobi identity 25, 26 (also known as the Lewis Carroll identity 27 , which is a particular case of the Muir relations 28 ):
in turn, be fixed independently from the known main asymptotics (2) 29 .
We can now use the asymptotic expansion for
G() is the Barnes G function, andF n (κ, k F ) are some polynomials in κ and cot k F .
By re-expressing Σ(κ, k F , L) from the relation (10), we arrive at a similar asymptotic expression,
We use the notationκ for the variables in Eqs. (15) and (16) to emphasize that this variable is shifted by a half-integer from the original variable κ. The coefficients H n (κ, k F ) can be calculated from the coefficients F n (κ, k F ) order by order. We have calculated the first ten orders using Mathematica software 24 . The first six coefficients are: 
The coefficients H 7 (κ, k F ) to H 10 (κ, k F ) are listed in the Appendix. The expansion (14)- (15), together with the algorithm for computing the coefficients H n (κ, k F ) [starting from the coefficientsF n (κ, k F )], constitutes the main result of the present work. The algorithm for calculating F n (κ, k F ) using discrete Painlevé equations was reported earlier in Ref. 21 . Combined together, these results provide an algorithm for calculating the expansion for Σ(κ, k F , L) to any given order. The transverse spin correlations can be obtained by setting κ = 1/2 in all the formulas (so that the summation in the expansion (14)- (15) is performed over all integerκ).
We note several properties of the coefficients H n (κ, k F ). Similarly toF n (κ, k F ), they are polynomials inκ and cot k F with rational coefficients. These polynomials have degrees (n + 2) and n inκ and cot k F , respectively and are of a fixed parity in each of these variables (even for even n and odd for odd n). Moreover, they are all divisible by (κ 2 − 1/4): this property must persist to all orders, since it guarantees that the expansion (14)- (15) reproduces the fermionic correlation function (7) in the limit κ → 0.
III. TRANSVERSE SPIN CORRELATIONS IN THE XX CHAIN
We now specify to the case of the transverse spin correlation function (5) . In this case, all the powers of L −1 in the expansion (14)- (15) are integer, and the expansion may be rewritten in the form
This form of expansion has already been established in Ref. 15 . The coefficients α jn (k F ) can be calculated in a simple manner from the coefficients H n (κ, k F ). Note that at any given order n, the coefficients α jn (k F ) are nonzero only for |j| ≤ n/2. The explicit form of the coefficients α jn (k F ) for n up to 11 is given in Appendix. The beginning of the expansion (18) reads
The leading order gives the asymptotic behavior (2) with the correct coefficient [15] [16] [17] [18] :
where A = 1.2824271291 . . . is the Glaisher-Kinkelin constant. The subsequent coefficients α jn reproduce, in particular, the corrections calculated in Refs. 17 and 18.
IV. NUMERICAL ILLUSTRATION
We illustrate our analytic calculation with a numerical example of the correlation function (5). We have chosen the Fermi wave vector k F = π/3 (corresponding to the z polarization equal to 1/3 of the full polarization) and have numerically calculated the corresponding determinants for distance L up to 400. In our numerics, we have used the LAPACK library 30 compiled to work with 128-bit floating-point numbers, together with the quadmath C library. (18) and its right-hand side with the sum over n restricted to n ≤ N is plotted as a function of L. The value of kF is π/3. The upper line is the spin correlations [the left-hand side of Eq. (18)], and the other data correspond, top to bottom, to N = 0 to N = 11 [excluding N = 1, since there are no first-order terms in the expansion (18)].
In Fig. 1 we plot the difference ∆ N (k F , L) between the left-hand side of Eq. (18) and its right-hand side with the sum over n restricted to n ≤ N . These results show that, even though our analytical calculations involved a nonrigorous analytic continuation of the asymptotic series to half-integer values of κ, such an analyticity, in fact, holds. A similar conclusion was also reached in Refs. 11, 21-23 for the expansion of χ(κ, k F , L).
V. DISCUSSION
In the present paper, we apply the earlier results of Ref. 21 on the Toeplitz determinants with the sine kernel to deriving a Fisher-Hartwig expansion for the correlation function (4) [including, the transverse spin correlations (5) as a particular case]. The expansion is not rigorously proven and remains a conjecture supported by several arguments.
Away from the line Re κ = j + 1/2 (with an integer j), this expansion may be verified order by order using the methods of Refs. 11 and 21 (and of Ref. 20 in the continuous limit k F → 0). The verification was actually performed to the tenth order in the lattice case and to the fifteenth order in the continuous limit, and this leaves little doubt about the validity of the general form of the expansion to all orders.
On the line Re κ = j + 1/2 (relevant for the case of the transverse correlations in the XX model), the situation is more delicate. In this case, the expansion cannot even be rigorously derived to any order, but is obtained by an analytic continuation from other values of κ. This is not a mathematically justified procedure, and therefore our results at Re κ = j + 1/2 are additionally based on the assumption that the expansion (11)- (12) 
is analytically continuable, term by term, across the line Re κ = j + 1/2 (see Refs. 20 and 21). The corresponding analytic continuation for the expansion (14)- (15) of Σ(κ, k F , L) follows from this assumption, together with the Lewis Carroll identity (10) . At this point it is not clear how to prove this assumption. However, available numerical studies (Refs. 11, 21-23 and this paper) indicate that, in the examples and to the orders considered, the analytic continuation of the expansions to the line Re κ = j + 1/2 is indeed possible.
These conjectures present a challenge to future mathematical studies of Toeplitz determinants. Besides proving them, an interesting question remains if they are valid for other Toeplitz determinants with Fisher-Hartwig singularities, or, even more generally, for pseudo-differential operators with discontinuous symbols 31 . Transferring some of the results on the Fisher-Hartwig expansion to spectral properties of such operators would have implications in extending the Widom conjecture 32 to a wider class of functions. In particular, this may lead to extracting subleading corrections to the von Neumann entanglement entropy for free fermions in higher dimensions (similarly to the one-dimensional case 21, 23 ). Another use of the present results may be in application to one-dimensional bosonization (describing the lowenergy fermionic degrees of freedom in terms of bosonic fields) 33 . While the subleading bosonization terms (responsible for the discreteness of fermionic particles) are model dependent 34 , it might be possible to fix them for the specific model (free fermions on a chain) by using expansions for correlation functions obtained from Toeplitz determinants.
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APPENDIX
The coefficients H n (κ, k F ) in orders seven to ten are: 
